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INSTRUCTIONS TO CANDIDATES

Answer ALL Questions from section A and ANY from section B

i
ii. Do not write on the question paper

SECTION A (31 Marks)

Answer ALL questions in this section.

QUESTION ONE (16 Marks)

Find all solutions of the complex number zZ = —5 + 12i and give your answer in the
formz = x +iy. e RS ' (4 Marks)
b) Differentiate the following complex functions trom first principles:

) f(z) = 2° + 2 ; ] (2 Marks)

i) f(z) = 1/z (3 Marks)
¢) Writc the funcuon f(z) = |z]| in the form u(x, y) + iv(x, ¥). Using the Cauchy-
Riemann equations. decide whether there are any points in € at which f is differenuable.

(4 Marks)

(3 Marks)

a)

= . "
d) Find the radius of convergence of Y-, — .
n:

QUESTION TWO (15 Marks) -

a) lLety denote the circular path with centre 1 and radius 1, described once anticlockwise
and starting at the point 2. Let f(z) = |z]*. Write down a parametrisation of y. Hence

calculate fy |z|?dz. (6 Marks)

b) Find the Taylor expansion of sin? z around 0 and find the radius of convergence.
. (4 Marks)
¢) Let f(2) = 2z} f: C - C Determine real-valucd functions u, v so that f(z) =

u(x,y) +iv(x,y) (where z = x + iy). Venfy that both u and v satisfy Laplace’s

equation, (S Marks)

SECTION B (39 Marks)

Answer ANY THREE questions.

QUESTION THREE (13 Marks)

a) lLetwg # 0beacomplex number such that |wy| = randargw, = 8. Find the polar

forms ot all the solutions z to 2™ = wg, where n 2 1 is a positive integer. (4 Marks)
b) Letz,w € €. Show that

1) Z+w= 7+ w




MAS 3/

i) Zw = zZw (4 Marks)
c¢) Supposc that f is differentiable at z,. Prove that f is continuous at z,. (5 Marks)
QUESTION FOUR (13 Marks)

a) Derive formula for the real and imaginary parts of the following complex functions and
check that they satisfy the Cauchy-Riemann equations:

1) §in z (3 Marks)
1) Ccos z (3 Marks)
b) Show that. for |z| < 1, we have f'(z) = al—f:i—) (3 Marks)
¢) Show that every polynomual p of degree at least | is surjective. (4 Marks)

QUESTION FIVE (13 Marks)

a) ['ind the valucs of
f x -y + ix‘dz
1%

wherez = x + iy and ys:

1) the straight linc jomning O to 1 + . (3 Marks)
1) the ymaginary axis from 0 to i. (3 Marks)
) the line parallel to the real axis fromito 1 + i (3 Marks)
b) Find the zeros of the function 1 + e*. (4 Marks)

QUESTION SIX (13 Marks)

a) Let f:C — Cdefined by f(z) = z*sin z find an anti-derivative and calculate the integral
along any smooth path from 0 to i. (5 marks)
b) Venfy the associative law for multiplication of complex numbers. (4 Marks)
(z123)23 = z,(2z,23) forall z,,z,, z3 € C.
¢) Suppose that z, and z, are complex numbers, with 2,2, real and non-zero. Show that
there exists a real number r such thatz, = rz,. (4 Marks)

QUESTION SEVEN (13 Marks)

a) Find all complex solutions of the following equations:

) 2=z (3 Marks)
M) zZ+4+z =0 (3 Marks)
b) Verify that vV2|z| = |Re z| + |Im z|. (3 Marks)

¢) kxpress the all the 3rd roots of —8i in the form x + iy. with x,y € R. (4 Marks)




