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MAT 204

INSTRUCTIONS TO CANDIDATES

i.  Answer ALL Questions from section A and any THREE from section B.

ii. Do not write on the question paper.

SECTION A (31 Marks)

Answer ALL questions in this section.

Question One (16 Marks)

a) Verify that the following is an inner productin P,
(p(x), ‘](x)) =ayb, +a,b, + a,b,

where p(x) =a, +a,x+a,x’ and q(x) =b, + b x+b,x". (4 marks)

b) Transform the set S = {1, x, x* } which is a basis for P, into an orthonormal basis using the Gram-

Schimdth orthonormalization process with respect to the integral inner product on P, defined as
1

(P(x)a q(x)> = J-p(x)q(x)dx (5 marks)

=l

c) Given T :R2—R? is a linear transformation defined as T(x, y)z(2xﬁ3y, .r+y) and
B=1{01,2),(2,3), B'={(1,3).(1,4)} are both bases for Rz Find

i) A i.e matrix of representation of T with respect to basis B.
i) Transition matrix P from B' toB. Hence use P and A to obtain A'(i.e. matrix of
representation of T with respectto B"). (7 marks)

Question Two (15 Marks)

2 =3
a) Let A= {4 Juse the eigen value method to derive an explicit formula for 4" and solve the
) ) _ dx dy )
system of differential equations ™ =2x—-3y and pr =4x-5y giventhatx =7 andy =13 when
dl !
t =0, (6 marks)

b) Identify the curve which is represented by the following quadratic equation by first putting it into
standard conic form, 2+ 2xp+yl—x+ y =0 (6 marks)
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1 4 -3
¢) Find the inverse of the matrix A=|0 3 1 | by making use of the Cayley-Hamilton theorem.
0 2 -1

(3 marks)

SECTION B (39 Marks)

Answer any THREE questions.

Question Three (13 Marks)

a) Consider the wvector space of polynomials with inner product defined by
1
(/(x) g(x)) = I[(x)::(r)dx and the polynomials j(.x) =x and g(x)=1+ x.Find
-1

o (/) glx)

i) /]

i el

iv) Normalize fand g. (6 marks)
b) State and prove the Cauchy - Schwarz inequality. (7 marks)

Question Four (13 Marks)

2 0 =2
a) Forthematrix 4= -1 2 -1
\-2 0 2
i) write down the characteristic polynomial
i) write down the characteristic equation
iii) find the eigen values and eigen vectors corresponding to each eigen value.
iv) find the basis for each eigen space. (10 marks)

b) Find the minimal polynomial m(/l) of the matrix

= ﬂJ (3 marks)

0 a

Question Five (13 Marks)

a) If 4, and A4, are eigen values of a symmetric matrix A associated with eigen vectors v, and v,
respectively, show that v, and v, are orthogonal. (4 marks)
b) If v, v,,--,v, are eigenvectors associated with distinct eigenvalues A, 4,,---, A ofa matrix A,

then show that the set {v Vy,L v Lis linearly independent. 6 marks
A 2 n{ J p
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¢) Determineif B = is orthogonal matrix (3 marks)

= e &l

Question Six (13 Marks)

a) LetV be the vector space of polynomials over R and deﬁne(f(l), g(t)) = Jf(llg([)df .
0

Find the angle @ betweenuandvif u=2¢—1landv=1r". (6 marks)

b) Show that a square matrix A, is diagonalizable if and only if A has n linearly independent
eigenvectors. (7 marks)

Question Seven (13 Marks)

a) Consider the bases of R%; B = {(1,0,0), (0,1,0), (0,0,1)} and B’ = {(1,1,1), (1,1,0), (1,0,0)}.
i) Find the transition matrix P from B'to B.
ii) Find the transition matrix Q from B to B’
iii) Verify that 0 = P’
iv) Compute coordinate matrix of w with respectto B’ where w = (— 5,8,5).
(9 marks)
b) Let 7':V — V bealineartransformation. Let 4 be matrixof 7 withrespectto B and A" be matrix

of T with respect to B'. Show that A' = P"' AP where P is transition matrix from B'to B.
(4 marks)
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