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MAT 310/311E
MAT 310/311E: REAL ANALYSIS II

STREAM: BED (Arts/Science) DURATION: 3

Hours

INSTRUCTIONS TO CANDIDATES
i.  Answer ALL Questions from section A and any THREE from section B.

ii. Do not write on the question paper.

SECTION A (31 Marks)
Answer ALL questions from this section.
Question One (16 Marks)
a) Show that an arbitrary union of open sets is open, and a finite intersection of open

sets is open. (5 Marks)

b) Letf: A - Randg: B — R where f(4) c B.Prove thatif f is continuous at

¢ € Aandgiscontinuousat f(c) € B,theng - f: A — R iscontinuous atc.

(4 Marks)
c) Supposethatf,: A — RisboundedonA foreveryn € N and f, — f uniformly on
A.Thenf: A = Risbounded on A. (4 Marks)
d) Show that the constant function f(x) = 1on [0,1] is Riemann integrable, and
fol 1dx=1. (3 Marks)
Question Two (15 Marks)
a) Showthatif f: A € R — R hasalocal extreme value at an interior pointc € A
and f is differentiable at ¢, then f'(c) = 0. (4 Marks)
b) Find the derivative of the function f : R = R defined by f(x) = {10/x L;{;—?&OO
(3 Marks)
¢) Prove that the function f(x) = x? is continuous but not uniformly continuous on R.
(4 Marks)
d) Prove that the limit of a function is unique if it exists. (4 Marks)
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SECTION B (39 Marks)
SWi THREE ions
Question Three (13 Marks)

x—9

a) LetA = [0,)\ {9}and definef: A - Rby f(x) = N Show that }Ci_lgf(x) =
6. (4 Marks)
b) Define the following terms
i) Open set
ii) Connected sets
iii)  Continuous function (6 Marks)

c) Show that the function f : [0,00) — R defined by f(x) = v x is continuous on

[0, 00). (3 Marks)
Question Four (13 Marks)
a) Prove that a set of real numbers is connected if and only if it is an interval.
(7 Marks)
b) Afunction f: A — R isnotuniformly continuous on A if and only if there exists
€0 > 0 and sequences (x,), (3,) in 4 such that AI_'I’I;’ |xn — yn| = 0and |f(x,) —
f(yn)| = €y foralln € N. (6 Marks)
Question Five (13 Marks)
a) Suppose that f : [a,b] — R isa continuous function on a closed, bounded interval.
Prove that f([a, b]) = [m, M]is a closed, bounded interval. (4 Marks)

b) Show that the function f : R — R defined by f(x) = x'/3 is differentiable at x # 0
with f'(x) = 5;17; (5 Marks)

c) Supposethatf : [a,b] — R is continuous on the closed, bounded interval [a, b],
differentiable on the open interval (a, b), and f(a) = f(b). Prove that there exists
a < ¢ < bsuchthat f'(c) = 0. (4 Marks)

Question Six (13 Marks)

a) Prove that a sequence (f;,) of functions f, : A = R converges uniformly on A if and
only if it is uniformly Cauchy on A. (9 marks)

b) Suppose that f : [a,b] — R is continuous on the closed, bounded interval [a, b] and
differentiable on the open interval (a, b). Prove that there existsa < ¢ < bsuch

that f'c) = L@ (4 Marks)

bh—a
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Question Seven (13 Marks)
a) Prove thata monotonic function f : [a,b] = R onacompactinterval is Riemann
integrable. (8 Marks)

b) Supposethatf,g: [a,b] — R areintegrable and f < g.Prove that fabf < f:g.
(5 Marks)




