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MAT 311
MAT 311: REAL ANALYSIS 11

STREAM: BED SCI/ARTS TIME: 3 HRS

EXAMINATION SESSION: DECEMEBER YEAR: 2019/2020

INSTRUCTIONS TO CANDIDATES

(i) Answer question ONE and TWO (Compulsory)
(ii)  Answer any other THREE questions
(iii)  Answers should be comprehensive, informative and neal.

Question One (16 Marks)

a). Define the following terms

1). A sequence (1 Mark)
ii). Limit superior (1 Mark)
iii). A partition on closed set [a, b] (2 Marks)
iv). Derivative of a functions f at ¢ (2 Marks)

b). Let {x,,} and {y,,} be sequences which converge to x and y respectively. Prove that the

sequence {x, + y,} converge to x + y. (3 Marks)

¢). Prove that a composite function g e f is continuous at a if f is continuous at a and g is
continuous at b = f(a). (3 Marks)
d). Let f:10,1] = R be defined by

_(1ifxe[01]nQ
fx)= {0 otherwise
Show that f is not Riemann integrable. (4 Marks)
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Question Two (15 Marks)
a). (1). What do you understand by the term an absolutely convergent series? (1 Mark)

(i1). Prove that a sequence {f,,} of bounded functions on a set D € R"™ to R™ converges

uniformly on D to a function f if and only if [[f,, = f]| = 0. (5 Marks)
b). State and prove the maximum value theorem for functions on the real number set R.

(5 Marks)

¢). Find the value of x for which the series Y’ ,(3x)™ converges. hence, state the radius of

convergence. ~ (4 Marks)

Question Three (13 Marks)

a). State and prove the Cauchy’s mean value theorem. (8 Marks)
b). Using the Cauchy’s mean value theorem, evaluate the limit of the function h(x) = x log x

asx = 0. (5 Marks)

Question Four (13 Marks)

a) Let X, en X, be a series of elements of R. Prove that the series converges in R if and only of

for each real no € > 0, there is an N(¢) € N such that

m
Zxk <€ forallm=n = N(e).
k=n
(6 Marks)
b) (i). Prove that a Cauchy sequence is bounded. (4 Marks)

(11). Prove that the sequence of functions f,,(x) = %sin(nx + n) converges to f(x) = 0,

hence. identify the mode of convergence. (3 Marks)
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Question Five (13 Marks)

a). Differentiate between pointwise and uniform convergent of sequences of functions.

(2 Marks)
b). Let f, be a sequence of functions defined by f,,(x) = x™ forn € N and x € R. Prove that f,
converges 1o f(x)= {;) wo '?fi f i
and diverges for x > 1. (6 Marks)

¢). Prove that all monotonic increasing functions are functions of bounded variation.(§S Marks)

Question Six (13 Marks)

x+3 forx <2

a) Let f be a function defined as f(x) = {x2 —1forx> 2"

Find lirg fi(x). (3 Marks)
x—
b) Let {x,} be a sequence of real numbers which is monotone increasing, then the sequence
converges if and only if it is bounded. in which case, its limit is sup{x,,}. (6 Marks)
¢) Let Vy[a, b] be the total variation of the function f. Prove that if V¢[a, b] = 0 if an only if

fix)=¢ccER. (4 Marks)

Question Seven (13 Marks)

a) Differentiate between Lower and Upper Darboux sums (5 Marks)
b) Let f:[a, b] = R,a,b € R be bounded and @ an increasing function on [a, b]. Let P, and P,
be partitions on |a, b] such that 7, is finer than P;. Prove that
L(f,a,P,) < L(f,a,P;)
where L(f,a,P;) and L(f, @, P,) are Lower and Darboux sums respectively. (8§ Marks)
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